
Types o f Rings

fields = v e r y n i c e r i n g s
,
w h e r e

eve r y
n o n z e r o e l e m e n t i s invertible

a n d mu l t i p l i c a t i o n i s commutative.

Ma t r i ces : n o t s o n i c e r ings , whe re

t h e mult ipl ication
i s n o t

commutat ive
a n d F e l e m e n t s

t h a t a r e n o n z e r o , g e t square

t o z e r o !

what's i n between t h e s e examples?



Principal I d e a l s

Let R b e a r i n g .

I C- R a n i d e a l i s

principal i f I

x e r , I - ( x )

w h e r e ( x ) = t h e smal lest

idea l o f A containing X .



Theorem: (commutative, un i t a l case) I f

R i s a commutative and

u n i t a l r i n g ,
t h e n i f

I = ( x ) for X E R , then

I = { x y I y e r } .

proof'. Le t J = Exy I YER} .

f i r s t , p rove t h a t J i s

a n i d e a l c o n t a i n i n g X .

I f s o , t h e n by definition,

I E J .



N o t e : I f { I d } y e s i s a n y

col lect ion o f ideals,
t e n

M I d i s a l s o a n

L E S

i d e a l .

Then i f X E R ,

( x ) : n I

I i dea l i n k1 ¥
J i s a n ideal

L e t Z E R ,
t E J .



T h e n F y e r ,

t = x y .

But t h e n s i n ce R i s commutative,

zt-tz-fxyjz-x.ly.z)EJr
Tak i ng z E J gives t h e c losure

u n d e r multiplication
fo r J .

N o w l e t t , E E J . Then

F y , P E R ,

t = x 9

q > x p



T h e n

f - q = X y - x p = xly-p) E J

50 J abso r b s elements of R

a n d passes t h e s u b r i n g t e s t

provided J f f .

B u t s i n c e R i s u n i t a l ,

X = x . I r E J

⇒ J f- 0 .



Therefore, J i s a n ideal

containing × ,
s o b y

def in i t ion, I E J s i n c e

I i s t h e smal les t i d e a l

containing ×
.

B u t s i n c e X E I and I

i s a n i d e a l , x . y C- I

f Y E R ⇒ J E I .

Therefore, w e h a v e equality:

1 = 5

( x > = Ex y I yer } y



Definition: (integral domain) A r ing

R i s s a i d t o b e a n

integral d o m a i n i f R

i s commutative
a n d unital,

a n d

Xiy=0p⇒s=%ory=0#

t x . i s E R .



Example-l: (KEN) I f K i s a field,

t h e n K A T i s a n integral

d om a i n bu t n o t a field!

I f p a l , qCx)
t K Cx],

deg (pw)-qui) - deg(pix)) tdeglada)

( "deg"= degree o f )

T h e n i f p l x ) ' 9 1× 1 =0 and

p ix ) t o , q l x ) t o ,
t h e n

deg(plainly) Z deg(pix)) f - a s

deg (pix) ' 9 14 12
deelelx)) f - a s



Therefore, p ( x ) ' q ( x )
I 0 .

So i f t h e product o f

t w o polynomials i s zero,

o n e o f t h e polynomials h a s

t o b e z e r o .
S ince w e

a l ready k n e w K ( x ) w a s

u n i t a l and commutative,

K ( x ) i s a n integral doma in .

However, pix)EkCx] i s

inver t ib le i f a n d o n l y i f

degcpcx))-O i i . e . ,
pcelEK?

So KCx) i s not a f i e l d .



Definition: (Pr inc ipa l
I d e a l Domain)

A r i n g R i s cal led a

principal i d e a l
d o m a i n

i f R i s a n integral

doma in a n d e v e r y idea l

o f R i s

principal

-



Exampie 2 ' . T a k e D = 1 2 . T h e n

R i s a n i n teg ra l domain

(m.n=0 ⇒ m : O o r no)

a n d w e ' v e s h o w n t h a t

i f H E 1 2 , t ) , t h e n

I t i s generated a s a

subgroup by s o m e

n e 2 :

f t = ( n ) a s a s ubg ro up .

T h e n i f I i s a n i d e a l of TL,

w e k n o w t h a t ( I , t ) = ( n )

for s o m e N E 2 a s a subgroup.



B u t t h e n I = ( n ) , and

m o r e o v e r , f m e 2 ,

i f R E I , F KER ,

r = k - n .

T h e n

m
- r i m . ( K i n ) : (mk) i n

C- L n >

⇒ ( n ) i s a n i d ea l .

The re fo re , e v e r y
i d e a l i n 12

i s principal, s o 2 i s

a principal i d e a l domain.



Definition'. (prime, irreducible elements)
-

L e t R be a n integral

domain . T e n X E R i s

s a i d t o b e irreducible

i f wheneve r o n e writes

× = y . Z fo r y ; 2- E R ,

t h e n e i t h e r y
= X . U

where U i s a u n i t o f

R o r Z = x . v .

w e s a y × i s prime

i f fo r a n y 4 , 7 E R ,

i t F T E R w i t h



y . z = t - x , t h e n

F S e r w i t h e i t e r

y e s . x o r z - s i x .

N o t e : i n 2 , these t e r n s a r e identical.



P r ime I d e a l s

L e t A b e a commutative r i n g .

T h e n a n i d e a l T o f D i s

s a i d t o b e p r ime i f

w h e n eve r × , y E R and x . y e t ,

t h e n x E I o r y e t .



Observat ion : ( I ) pr ime ideals

a r e a l l o f t h e f o r m

I = L p ) fo r s o m e

prime P E N ( o r

I i Eos)



theorem: ( R I I fo r I prime)

I f R i s commutative

a n d u n i t a l ,
t h e n

I a n i d e a l o f R i s

prime i f a n d o n l y i f

R / I i s a n
i n tegra l

d o m a i n .

proof: ⇒ suppose R i s prime and

t h a t x , y E
I ,

(×tI l(ytI)
- I (zero i n

R I I )
i n

x y t I = I

⇒ x y E I



s ince I i s prime,

e i t h e r x o - g i s i n I
.

T h e n i f × E I ,

X t I
= I ,

a n d i f

Y E I i

y t I = I
, s o

R I I i s a n i n teg ra l domain

⇐ i f R E i s a n integral domain,

+ I Y E R ,
and X . y E I ,

t h e n

( x . g ) T I = I

i n

( X t I ) l y f e ) - I



⇒ e i t h e r x t I = I ( K E I )

o r y t I = I ( Y E T )

D



(maximal ⇒ prime) Every(corollary:
-

m a x i m a l i d e a l i n a

commutative, u n i t a l ring

i s pr ime .

proof.. I f I C- R i s maximal
,

t h e n R I I i s a
f i e l d

,

a n d s o i s a n integral domain .

B y t h e previous t r e o r e m ,

I m u s t b e prime.

T


